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Abstract 
The paper deals with a particular class of slackened-elastic-plastic keletal structures where one-parameter contact 
and yield conditions are introduced. The mathematical model of this problem represents a discrete form of 
Kuhn-Tucker's conditions, and is equivalent to dual quadratic programming problems (QPPs). The uniqueness of the 
solution to this problem is guaranteed, with exception of some particular cases where the structure converts into 
a mechanism, and the solution corresponds to dual linear programming problems (LPPs). The authors propose another 
approach to solving the problem. The uniqueness of the solutions allows a pure elastic analysis procedure, which satisfies 
some additional constraints imposed on the objective function, to be used. The numerical solution is obtained by means 
of an iterative procedure using the trial-and-error method where the physical (energetic) meaning of the problem is 
utilized. 
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1. Introductory remarks 
The paper deals with the problem of slackened systems, i.e. structural systems with gaps (referred 
to as "clearances") occurring inside the body and at its boundary. A theory of such systems has 
been constructed neglecting all friction effects and assuming an elastic-plastic material with linear 
plastic hardening, [4]. To formulate the problem a FEM-oriented matrix description has been used 
(cf. [2, 10]). The mathematical model of slackened systems represents a discrete form of 
Kuhn-Tucker's conditions, and is equivalent to a linear complementarity problem (LCP) or to two 
dual quadratic programming problems (QPPs). The uniqueness of the solution of the problem is 
guaranteed, with the exception of some particular situations where the structure converts into 
a mechanism and the solution of the problem corresponds to a linear programming problem 
(LPP). 
A particular case is discussed of elastic-perfectly plastic systems, where a one-parameter yield 
condition and a one-parameter contact condition at structural joints are introduced. The authors 
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propose a method to solving this problem basing on mechanical properties of structures. The 
uniqueness of the solution allows us to use a procedure for pure elastic structures whose boundary 
conditions are consecutively modified in each step of the calculation according to the constraints 
imposed on the objective function. The final solution of the problem is obtained using an iterative 
trial-and-error method. 
The method proposed has been coded in a computer program for slackened-elastic-plastic (SEP) 
continuous beams with rotation constraints, ubjected to variable nonproportional loads (cf. 1-7] for 
details). The slackened beam is assembled of deformable beam elements and undeformable connect- 
ing elements (plates) of very small dimensions. Each beam element isjoined with the connecting plate 
by means of a hinge with rotation constraints. In the interior of each connecting plate a certain point 
called the "node" is identified, and the external load p is applied only at the nodes. The vector of 
displacements u combines all the generalized displacements (vertical translations and rotations) of the 
connecting plates. The relative rotations of a beam element's ends and the connecting plates are 
defined as concentrated clearance strains ~L. The meaning of these strains is similar to plastic strains 
81, concentrated at plastic hinges. Elastic strains ~E are defined as angles between the tangents and the 
secant of a deformed beam element. The vector of total strains ~ is assumed to be the sum of the 
clearance, elastic and plastic parts. The generalized stress vector a consists of the nodal bending 
moments. The kinematic and static quantities are consistent in the sense of the virtual work equation: 
pTu = ate, (1) 
where superscript "T" denotes the transpose. 
2. Mathematical description 
2.1. Extremum principles for  the holonomic model 
The holonomic model gives exact solutions if a current mechanical state of a structure does not 
depend on the path of the load. This is usually true for proportional loading. The yield and contact 
conditions are described by linear matrix inequalities that correspond to regions bounded by hyper 
polyhedrons in the stress and clearance strain spaces, respectively. The mathematical model 
presented in l-4] (see also 1-6, 8]) leads to the following QPPs: 
F'(2, ~E, /4) = !2itTHit q- 1 T 2gEESE + itTk - -  llTp =, min, 
subjected to the constraints: 
M~(Cu - N2  - ~E) -- l < 0, it >~ 0 
F"(it, ~,) = -- !2itTHit -- ½qtTM~E - 1Mqt -- ~,Xl =~ max, (2) 
subjected to the constraints: 
Hit -- NTM~k q- k >f O, CTM~ -p  = 0 qt >i O. 
In (2) C is the rectangular geometric compatibility matrix for an "ideal" structure (i.e. structure 
without clearances). E denotes the square, positive-definite elasticity matrix. M and N are the 
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rectangular matrices that include all the external normals to the sides of the clearance and yield 
hyper polyhedrons. Linear plastic hardening isdescribed by positive-semidefinite matrix H; ¢, and 
2 are the stress and plastic strain multiplier vectors, respectively. Clearance moduli (i.e. limit values 
of gaps) and plastic moduli are described by positive vectors i and k, respectively. 
The ideal structure is assumed to be kinematically stable. It corresponds to the condition 
det (cTc) ::~ 0. (3) 
If the system is kinematically unstable due to the presence of gaps, it is necessary to find the 
nonzero stiffness "original" structure that can carry the prescribed loads with reference load vector 
P0. The corresponding extremum principles take the form of dual LPPs [3,4]: 
F'(u) = urpo =¢" max, IMTCu -- 1 <~ O, 
(4) 
F"(O) -- ~,Tl=~min, ICTMi/ --Po = O, ~b >1 O, 
Note that a good approximate solution of (4) can be obtained by assuming a "small" elastic 
resistance within the clearance region. 
2.2. Sublimit and limit load problems 
In the case of slackened-perfectly p astic (SP) structures, the formulation of the limit load 
problem is much more complex than that of perfectly plastic structures. From the mathematical 
model for SP structures one obtains the following LPPs: 
F'(2, ti) = ~Tk =~ min IM~r(C~i - N2) ~< 0, tiTp = 1, ), >/0, 
(5) 
- -N  MaOa-kk~0,  CTMaOa- I tp=O,  I//a ~ 0, F"(~, ~'a) = /~ =~ max l T r 
where the dot denotes differentiation with respect o time, and subscript "a" indicates the active 
submatrices determined from the solution of the original structure problem. The presence of gaps 
leads to the appearance of clearance-plastic mechanisms at the so-called "sublimit" states corres- 
ponding to the lower values of the load multiplier F. Thus, the ultimate limit load is attained 
step-wise and is identical with that of the ideal structure. This problem has been considered in [3]. 
2.3. Incremental analysis 
The problem of the incremental nalysis is formulated as follows: "For a given load vector 
p stresses n., strains SL, SE, 8p and displacements u are known. Find the increments of these vectors 
An', ASL, ASE, Asp, Au if the load increment is equal to Ap". 
The mathematical model of such an incremental problem can be written as 
1. CAu = ASL + ASE + Asp, 
2. CTAn. = Ap, 
3. An. = EASE, 
4. MaAOa = EASE, 
5. (~// -I- A~)a ~ 0 , 
6. Ag~ = MTASL ~< 0, 
7. (q, + Aq,)TAga = 0, 
8. Asp = NaA2a, 
9. A~, a >/0, 
10. Afa = NTAn. - HaA~.a ~< 0, 
11. A TAfR = 0. 
(6) 
328 A. Gawqcki, B. Janihska/Journal of Computational nd Applied Mathematics 63 (1995) 325-332 
Mathematical model (6), being in fact a discrete form of Kuhn-Tucker's conditions, isequivalent to 
dual QP problems. Note that AOa can take either sign. Relations (6) have to be verified for each step 
of the load. 
3.  Incrementa l  p rocedure  
Further incremental nalysis is carried out assuming that the material of the beam is elastic- 
perfectly plastic (H = 0), and the beam is subjected to concentrated vertical forces only. In the case 
of rotation gaps the uniqueness of the solution is guaranteed. Thus, the solution is correct if all 
relations of the mathematical models are satisfied. 
The incremental nalysis allows us to determine the state variables for an arbitrary load-path. 
The load program can be described by means of a curve in the load space with a fixed initial point 
and sense. The piece-wise linear approximation of this curve is assumed. All segments represent 
known nominal oad increments. The nominal value of the load increment at point "j - 1" can be 
expressed as 
Apj  = lZjpoj, (7) 
where Pot and ~j are the reference load vector and the nominal load multiplier, respectively. 
Usually, the nominal oad multiplier is set to unity:/~j = 1. 
The solution of the problem is assembled of solutions of consecutive subproblems relating to 
a current ype of structure and a given load increment. The load step is evaluated using the scaling 
procedure that allows us to determine the current load multiplier, and the latter being usually less 
than the nominal, #cj </zj. The current load multiplier is accepted if one of the following cases 
occurs"  
- the appearance of a new contact, 
- the loss of an existing contact, 
- the occurrence of a plastic hinge, 
- the unloading of an existing plastic hinge. 
Otherwise the nominal oad multiplier is applied. The flow diagram for the computer program is 
shown in Fig. 1. 
At first an initial structure type is assumed. The elastic structure (or mechanism) is then 
calculated by means of the FEM, using the elastic beam element constrained atboth ends by elastic 
rotation springs with controlled stiffness. Small stiffness of the springs corresponds to the pin-end 
(hinge) whereas large stiffness provides fully fixed support. The beam element proposed allows us to 
calculate both an elastic structure and a mechanism. The fundamental question is, whether the 
system under consideration is a mechanism or a structure. To answer this question one compares 
the external energy, i.e. a half of the scalar product of external loads and displacements, with the 
internal energy calculated as the energy of stresses and strains, excluding the contribution of 
support springs. A large difference between these energies corresponds to a mechanism. However, 
one has to be aware that the solution in this case is equivalent to the solution of LPP, and therefore 
may be nonunique. The solution is usually nonunique with respect o the clearance strains for 
symmetrical modes of kinematics. On the other hand, in the computer algorithm a unique solution 
is needed. Thus, in order to guarantee the uniqueness of the solution the loads and beam element 
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Fig. 1. Flow diagram for the incremental procedure. 
stiffness are perturbed randomly. In each mechanism increments of clearance A8 L and/or plastic 
Asp strains occur, and the kind of mechanism depends on their values. The following three kinds of 
mechanism can be distinguished: 
- a clearance mechanism (original structure problem): ASL :/: 0, Asp = 0, 
- a clearance-plastic mechanism (sublimit state): ASL #: 0, Asp :~ 0, 
- a plastic mechanism (limit load state): ASL = 0, Asp :~ 0. 
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Fig. 2. SEP continuous beam under variable loads: (a) beam discretization, clearances, loads, (b) load program, (c) elastic 
energy vs. length of displacement path, (d) residual bending moment diagram. 
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To identify the proper type of structure one has to check all the relations of the mathematical 
model (6). If these relations are satisfied, the type of structure was assumed correctly. The problem 
of structure-type identification is thus solved by means of the trial-and-error method. Multiple 
changes of boundary conditions for particular structural elements are usually needed. 
Calculations of the structure or mechanism enable us to determine the state variable vectors: Au, 
ASL, AgE, Agp and Aa. The scaling procedure provides information on the current value of load or 
displacement multiplier. The state variables are accumulated and updated in the last part of each 
increment. 
The computer program contains a procedure in which the following components of the current 
energy are calculated within each increment: strain energy W~, stress energy W~, elastic energy WE, 
clearance distortion work WE, plastic distortion work Wp and dissipation D. These quantities are 
also used to verify the correctness of the calculations (cf. 1-5]). 
4. Example 
Consider a continuous beam assembled of beam elements made of an elastic-perfectly plastic 
material. The elements have constant ideal I-cross sections. The beam is shown in Fig. 2(a), 
together with the mechanical properties of the material, distribution of gaps and their values (in 
radians). The beam is subjected to a three-parameter load program P1, P2, P3, according to 
a closed loop in the load space (1-2-3-4-5) presented in the form of a diagram in Fig. 2(b). 
Deformations of the beam in the "jth" step of the calculations are characterized by a vertical 
displacement rate "length" Auj expressed as 
= (Au . Auj) 1/2, (8) 
where the right-hand side is the norm of nodal displacement rate vector Au~ evaluated for all 
structural nodes of the beam. The length of the displacement path Su is assumed to be the sum of 
Au~ up to a current calculation step number "m": 
Sv = ~ Auj. (9) 
J 
The behaviour of the beam during the loading cycle demonstrates interesting and unexpected 
effects. In order to illustrate this problem the current elastic energy WE is plotted versus the 
displacement-path length Sv. The We(Sv) diagram as well as the clearance and clearance-plastic 
(sublimit) mechanisms are presented in Fig. 2(c). Fig. 2(d) illustrates the residual bending moments 
that remain after unloading. 
5. Concluding remarks 
The method proposed in the present work can be used in the cases of one-parameter contact and 
yield conditions (beams, frames and trusses). The iterative trial-and-error p ocedure l ads to short 
computer run-times and a sufficiently good exactness. However, it is well known that all methods 
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to solve problems with unilateral constraints are very sensitive to computer round-off errors. It is 
also observed in the procedure proposed. 
Some information on a structure behaviour comes directly from the physical (energetic) meaning 
of the problem. This information has been used to check the correctness of the solution. The most 
difficult is to solve the problem of the mechanism when the system of linear equations i singular. 
Therefore, the concept of finite element with elastic supports, similar to that proposed in [9-1, is 
applied. Moreover, pseudo-random perturbations of the load and structure stiffness are introduc- 
ed. It creates the possibility to obtain the solutions even in the presence of mechanisms. 
The authors do not claim that the method proposed ismore effective than existing algorithms for 
LCPs or QPPs (cf. 1-1, 8, 11-1). Nevertheless, the work shows that physical modelling can be used to 
obtain solutions of problems which are described by inequalities or by the mathematical program- 
ming. 
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